The one·dimensional 5 = 1 quantum spin system has been mapped onto the equivalent two·dimensional Ising model on the basis of the equivalence theorem of Suzuki. The classical representation of the partition function has been expressed in terms of the maximum eigenvalue of the transfer matrix and evaluated by means of the numerically exact transfer-matrix method. The physical meaning of two kinds of correlation functions in RSD and CBD has been made clear in terms of the concept of the maximum eigenstate. Calculations have been made for both ferromagnetic and antiferromagnetic Heisenberg chains with several single-site anisotropy values, both positive and negative. Good agreements are found with some existing numerical results. § 1. Introduction
It is well known that the transfer-matrix method is very useful in studying the statistical mechanics of classical systems;l) It has been recognized recently2)-8) that the transfer-matrix method also provides a powerful means for the numerical calculation of the thermodynamical quantities of quantum systems. The basis of the "quantum" transfer-matrix method comes from the following equivalence theorem: N -spin 5 = + quantum spin system has been studied by use of the numerically exact transfer,matrix method; m is the size along the Trotter direction. Convergence properties on m have been examined in detail in two different classical representations; checkerboard decomposition (CBD) 11) and real-space decomposition (RSD). 9) The results obtained are as follows: (1) The rate of convergence of the thermodynamical quantities are the same in both the representations; (2) the energy derived from the free energy . coincides precisely with that calculated in terms of the spin correlation function in CBD, <S/Sf+l)CBD(a=x, y, z); (3) the spin correlation function in RSD, <SiaSf+l)RSD, converges much faster than <S/Sf+l)CBD; (4) In II the transfer-matrix method has been applied to the 1D fermion model; the metal-insulator transition of this system has been investigated by studying the dependence of the compressibility and density-density correlation functions on the strength of the interaction between fermions_ The computational merit of this approach is that the thermodynamical quantities can be evaluated without diagonalizing the full Hamiltonian of the system; the knowledge required is about a local transfer matrix which transfers one state of a two-spin cluster to another state. In this way the previous study has confirmed the surmise of Suzuki et a1. 10 ) that good numerical estimates for thermodynamical quantities of quantum systems could be obtained from the calculations with moderate values of the Trotter size m.
In I and II the mth approximant to the classical representation of the partition function Zm has been evaluated by the numerically exact transfer-matrix method. In this article the "real-space" and "virtual-space" transfer matrices are introduced following Suzuki's definition.
3 )
It is shown that Zm is expressed by the maximum eigenvalue of the "virtual-space" transfer matrix in the thermodynamical limit with m fixed as in the case of the "classical" transfer-matrix method. Then the maximum eigenvalue is evaluated directly by applying the numerically exact method. The low-temperature behavior is improved largely by this. procedure; both the methods give the same results unless the temperature is not low enough. It is seen that the concept of the maximum eigenstate helps to understand the physical meaning of two kinds of correlation functions, <Si a Sf+1>RSD and <S/Sf+1>CBD. This transfer-matrix method is used to study the 1D S=l quantum spin system described by the Hamiltonian:
where S / is the spin operator on site i and N is the number of spins. The Hamiltonian (1· 3) includes the following three important cases: (1) 
Several values of single-site anisotropy parameter D, both positive and negative, are considered. The results for the specific heat are compared with those reported by Blote.
"real-space" and "virtual-space" transfer matrices are defined, and a prescription is given to evaluate the maximum eigenvalue of the "virtual-space" transfer matrix numerically. In § 3 the method is.applied to the calculation of the energy and specific heat of the 1D 5 =1 ferromagnetic and antiferromagnetic Heisenberg models as well as the XY model with zero D, and the results are presented in conjunction with numerical results of Blote. In § 4 the results for energy and specific heat of the ID 5 = 1 ferromagnetic and anti ferromagnetic Heisenberg models with nonzero D are presented. Summary and conclusions are given in § 5. § 2. The "quantum" transfer-matrix method
The "real-space" transfer matrix
The partition function of the quantum system is expressed as
where (J is broken up into m subintervals of width r = (J/ m; m is an arbitrary positive integer which stands for the size along the Trotter direction. On insertion of m complete set of eigenstates, Z is written as
In the representation in which each 5/ is diagonal, the states lar> are obtained by prescribing the eigenstates of 5/ for all i:
where r is a label along the new Trotter direction, and each ar runs over (25 + I)N states.
The "real-space" transfer matrix is defined by (2·4) which transfers state la'> to la> along the Trotter direction. Its eigenvalues are denoted by {flj}. Then the partition function is given in terms of T by
Here it should be remembered that Eq. (2·5) holds exactly for any m, but that the eigenvalues {flJ depend on m in a singular way and so all flj have to be retained in the summation as has been pointed out by Suzuki.
The simplest classical representation of Z is the checkerboard decomposition (CBD) introduced by Barma and Shastry.ll) It decomposes the Hamiltonian into two parts:
where A(B) is the set of odd (even) integers. The following relation 14 ) is used to decompose the transfer matrix T: Fig. 1 . The hatched square denotes a local transfer matrix ti,T, and the "real-space" transfer matrices, Tl and T2, are indicated in the figure. -Periodic boundary conditions are required in the Trotter direction because of the trace operation. Free chain is assumed in the present study. It should be noticed that the decomposition of the transfer matrix, defined by Eq. (2·8), breaks the translational symmetry. As the result the CBD destroys the elementary property that the spin on site i + 1 is at the right of the spin on site i. 15) 
The "virtual-space" transfer matrix
The local transfer matrix ti,T transfers the state (Si,T, Si+l,T) to (Si,T+l, Si+l,T+l) along the Trotter direction. It is rearranged to give the "virtual-space" local transfer matrix Ui,T which transfers the state (Si,T, Si,T+l) to (Si+l,T, Si+l,T+l) along the real space. We define in terms of Ui,T the "virtual-space" transfer matrices, Ul and U2, which transfer the state of the spins on the ith column (denoted by the open circles on one vertical solid line in Fig. 1) to that of the spins on the (i + 1)th column as indicated in the figure. They are given explicitly by
where A'(B') is the set of odd (even) r.
The partition function is expressed in terms of the eigenvalues {It} of U as In the thermodynamical limit N ->00 with m fixed, Zm is given by the maximum eigenvalue ;1 of U:
which is a well,known relation for the ordinary transfer-matrix method.!} In this respect the "virtual-space" transfer-matrix method is more convenient than the "real-space" transfer-matrix method as long as the Trotter size m is finite; the extrapolation formula (1· 2) works well for the former method. It has been proved rigorously by Suzuki 3 ) that both the methods give an identical result in the thermodynamical limit N -> 00, m -> 00.
We use the dimensionless units for the free energy / = -F/ Nks T and the exchange interaction constant K=J/kBT. In these units the free energy is given by /=In,-1.
In terms of / we obtain: (1) the internal energy per spin
E/J=-(J//(JK;
(2) the specific heat per spin
The maximum eigenvalue and its eigenstate
The maximum eigenvalue and its corresponding eigenstate can be obtained by the iterative operation of the matrix U on an arbitrary state Ix> which is not orthogonal to the ground state. Because of the periodicity of U along the real space, it may be defined equally as U = UI U2 instead of U = U2 UI defined by Eq. (2 ·11). Consequently, it follows that there exist two eigenstates:
which satisfy the following equations:
Here IY?A> is the eigenstate for the odd column (iEA) and IY?B> is for the even column 
The spin correlation functions
From the above consideration the spin correlation function between two adjacent spins is defined by
This is nothing other than the correlation function in RSD, <5i a 5f+I>RSD, defined in I. This correlation function takes proper account of the translational symmetry and so is expected to be a good representative of the quantum correlation function. In fact, it converges rapidly to the correct value with increasing m as shown in I and II.
On the other hand, the correlation function in CBD defined in I is given by (2·24) It has been pointed out in I that the internal energy < Vi> calculated in terms of <5i a 5f+l>CBD coincides with the energy derived from the free energy F
CBD •
That this holds generally is seen by the following consideration: The classical representation of Zm is composed of the product of terms like e-/l Vi1m as seen from Eqs. (2·8), (2·9) and (2·10).
Consequently, the differentiation of the free energy with respect to /3 gives < V) as the internal energy. The correlation function defined by Eq. (2·24) clearly breaks the translational symmetry. This accounts for the slow convergence of this correlation as well as the energy derived from the free energy as found in 1. 
In the representation in which each 5/ is diagonal, this Hamiltonian is expressed as a matrix of 9 x 9:
When h=O, it is easily diagonalized: 
The upper 3 x 3 part of u is relevant to the maximum eigenvale of the transfer matrix. The "virtual-space" transfer matrices, U1 and Uz, are given by making the direct-product matrices in terms of u:
The matrix U1 is reducible largely4),8) because of the symmetry property of U given by Eq. (2'31).
When the magnetic field is present, the analytical expression of the local transfer matrix t is not obtainable. Instead a numerical method is used in this case; the eigenvalues and eigenvectors of H(Z) are obtained by solving the eigenequation, and t is constructed numerically by use of Eq. (2'29).13)
Computational procedures
The basis of the transfer matrices was chosen to be the 32m direct product states defined by Eq. (2·20) for the Trotter size m. The maximum eigenvalue and eigenstate of U = U2 U 1 were obt~ined by the iterative operation of U on an initial state Ix>:
where Ix> is chosen to be
which is not orthogonal to the ground state. Several other choices of Ix> gave the same results for the final values of U and It. The numerically exact transfer-matrix method 2 ) was used to perform the iterative matrix operation; the direct products of Eq. Results for nonzero D are given in the following section. of Eq. (2·28a). The large difference of the ground-state energies between the classical system in CBD and the real quantum system emphasizes the failure to reproduce the strong quantum effects at extremely low temperatures. The specific heat was obtained by differentiating E numerically with respect to T. The open circles are the numerical results of Blote. The agreements are very remarkable. Figure 6 shows the results in CBD. The lighter lines are the calculations of m=l, 2,4,6. The dashed line is the m->= estimation which agrees with the m->= estimation in RSD (bold solid line) for T>O.5. As expected from the energy results, the lowtemperature behavior is poor. temperature side is drawn for a guide to the eye. Figure 10 shows the results in CBD. The general trends observed in the results are very similar to those seen already in the antiferromagnetic Heisenberg model. 
Antijerromagnetic Heisenberg model

XY model
Ferromagnetic Heisenberg model
Discussion of the results
Two kinds of nearest-neighbor spin-correlation functions, <Soas1a>RsD. and <Soas1a>cBD, of the 1D S=l Heisenberg and XY models were calculated by applying the transfer-matrix method to the equivalent classical systems in the CBD representation. Then two kinds of energies, E RSD and ECBD, defined in terms of these correlations were compared, and their temperature variations were studied in detail. E RSD was found to converge much faster than ECBD, while E CBD agreed with the energy derived from the free energy. The m-'>OO behavior was estimated accurately by use of the 11m 2 -extrapolation law. The limiting values were found to agree with the correct values excellently.
The m = 6 calculation in the S = 1 case is much closer to the m -'> 00 estimation than in the S = + case. This comes from the well-known fact that quantum effects become weaker as S increases. Consequently, it is expected that the present method also provides satisfactory numerical estimates for the larger S case. In this section the effect of the single-site anisotropy is studied; (a) the uniaxial anisotropy D<O, and (b) the planar anisotropy D>O. The results for the 1D ferromagnetic and antiferromagnetic Heisenberg models with nonzero D are presented in conjunction with the numerical results of El6te. 12 ) As seen in the preceding section, the m=6 calculation is close enough to the m-'>oo estimation, so results obtained by the m=6 calculation are given in the following. . Each E CBD starts from this point and tends to E RSD as T increases. The difference of the ground-state energies between the classical system in CBD and the quantum system increases as D increases, and so the failure is emphasized to reproduce the strong quantum effects at very low temperatures .. Figure 18 shows the specific heat in RSD. The solid lines are the m = 6 calculations. Data points are the numerical results of Elote. The agreements with the present calculation are very good except at low temperatures where the sudden rises appear. Figure 19 shows the specific heat in CBD. As expected from the energy results large deviations 
Ferromagnetic Heisenberg model with D< 0
DiscUssion of the results
The Heisenberg models with the single-site anisotropy term are experimentally realized in several compounds. 17) Some of them are realized in 3D crystals such as CsNiF3, in which the Ni 2.61A., respectively. The interactions between spins along the chains are dominant and the system behaves like an assembly of uncoupled ID ferromagnetic chains with single-site anisotropy described by the spin Hamiltonian (1· 3a). Interaction parameters determined ?re ]lkB = 23.6K, Dlh=9K, g=2.4, 5=1 for CsNiF3;17) this value of D amounts to 0.38 in the present dimensionless units. As seen from Figs. 18 and 19 , the temperature variation of the specific heat is well reproduced by the present method for around this value of D except very low temperatures.
Recently, Ramirez and WoWS) measured the specific heat of CsNiF 3 in a magnetic field applied perpendicular to the anisotropy axis. They observed a rounded peak in the field dependence of the specific heat, and then they attributed it to the thermal excitations of solitons and antisolitons. The present transfer-matrix method has been used to study the specific heat in the magnetic field. Good agreements have been found between the numerical results and the experimental data. Detail will be reported in a forthcoming article. 13 ) § 5. Summary and conclusions
The procedure used in the present study is summarized in the following way: The ID quantum spin system is mapped onto the equivalent 2D Ising model on the basis of the equivalence theorem of Suzuki. 9 ),IO)
The "real-space" and "virtual-space" transfer matrices are introduced following Suzuki's definition. 3 ) These matrices are decomposed in terms of the local transfer matrix which transfers one state of a two-spin cluster to another state. This decomposition corresponds to the CBD representation. The mth approximant to the classical representation of the partition function Zm is expressed by the maximum eigenvalue of the "virtual-space" transfer matrix in the thermodynamical limit with m fixed as in the case of the "classical" transfer-matrix method. I) In this respect the "virtual-space" transfer-matrix method is much more efficient than the "realspace" transfer-matrix method. The maximum eigenvalue and its corresponding eigenstate is obtained by the iterative operation of the "virtual-space" transfer matrix on an arbitrary initial state. The transfer property of the maximum eigenstate is elucidated, and two kinds of correlation functions, <5i a 5f+i>RSD and <5i a 5f+i>CBD, are defined. The former correlation function takes proper account of the translational symmetry and provides a good representative of the quantum correlation function. On the other hand, the latter correlation, which is closely related with the energy derived from the free energy, breaks the translational symmetry and shows a poor convergence. In the practical calculation the maximum eigenvalue and eigenstate are evaluated by applying the numerically exact method. The 11m 2 -extrapolation law is used to extract the m-HXJ behavior. The computational merit of this approach is that the thermodynamical quantities can be evaluated without diagonalizing the full Hamiltonian of the system; the knowledge required is about the local transfer matrix of which size is only (25 + 1) x (25 +1).
This transfer-matrix method has been used to study the ID 5 = 1 quantum spin system. The results are presented in § 3 for the ferromagnetic and antiferromagnetic Heisenberg models as well as the XY model with zero single-site anisotropy, and in § 4 for the ferromagnetic and anti ferromagnetic Heisenberg models with nonzero single-site anisotropy. The results are compared with the numerical results of Blote,12) and good agreements are found. Such satisfactory estimates come from the rapid convergence of E RSD as well as the presence of the 11m 2 -extrapolation law which allows us to extract the m ---> co behavior from the calculations with moderate value of the Trotter size m.
In conclusion, the present study has elucidated that the transfer-matrix method provides a very powerful means to gain good numerical estimates for thermodynamical quantities of quantum systems. The present method can be used to study various problems in quantum spin systems as discussed in § § 3 and 4. It is interesting to apply this method to other 1D quantum systems, such as the Hubbard model, the quantum sineGordon model, the quantum rp4 model and others.
